This paper investigates the inverse problems of simultaneous reconstruction of timedependent thermal conductivity, convection or absorption coefficients in the parabolic heat equation governing transient heat and bio-heat thermal processes. Using initial and boundary conditions, as well as heat moments as over-determination conditions ensure that these inverse problems have a unique solution. However, the problems are still illposed since small errors in the input data cause large errors in the output solution. To overcome this instability we employ the Tikhonov regularization. A discussion of the choice of multiple regularization parameters is provided. The finite-difference method with the Crank-Nicolson scheme is employed as a direct solver. The resulting inverse problems are recast as nonlinear minimization problems and are solved using the lsqnonlin routine from the MATLAB toolbox. Numerical results are presented and discussed.
Introduction
Simultaneous determination of several unknown physical property coefficients in heat transfer which dependent on time, space or temperature has been investigated in various studies, see e.g. [6] [7] [8] [9] 11] .
In a recent paper [6] by the authors we have investigated the inverse problems of simultaneous numerical reconstruction of time-dependent thermal conductivity and convection coefficients in a one-dimensional parabolic equation from Cauchy boundary data measurements represented by the boundary temperature and heat flux. In this paper, we investigate the reconstruction of the same coefficients, as well as of the absorption coefficient, using the measurement of the heat moments instead of the heat flux.
The paper is organized as follows: In Section 2, the mathematical of formulation of the inverse problems are reformulated and uniqueness results are stated. In Section 3, the numerical solution of the direct problem based on finite difference method with the Crank-Nicolson scheme is presented. In Section 4, the numerical approach to solve the minimization of the nonlinear Tikhonov regularization functional is presented. The numerical results for various examples are presented and discussed in Section 5. The choice of multiple regularization parameters is also addressed. Finally, conclusions are presented in Section 6.
Mathematical formulation
Fix the parameters L > 0 and T > 0 representing the length of a finite slab and the time duration, respectively. Denote by Ω T := (0, L) × (0, T ) the solution domain. We consider the parabolic heat equation ∂u ∂t (x, t) = a(t) ∂ 2 u ∂x 2 (x, t) + b(t) ∂u ∂x (x, t) + c(t)u(x, t) + f (x, t), (x, t) ∈ Ω T ,
where a > 0, b, c and f are coefficients, and u(x, t) is the temperature. For simplicity, we have assumed that the heat capacity is constant and taken to be unity. Equation (1) has to be solved subject to the initial condition
and the Dirichlet boundary conditions u(0, t) = µ 1 (t), u(L, t) = µ 2 (t), 0 ≤ t ≤ T.
If a, b, c and f are given then (1)- (3) constitue a direct Dirichlet problem for the temperature u(x, t). Other outputs of interest are the heat fluxes −a(t)u x (0, t) =: q 0 (t), a(t)u x (L, t) =: q L (t), 0 ≤ t ≤ T,
and the heat moments
However, if any of the coefficients a, b, c and/or f are not known then we are dealing with inverse coefficient identification problems. Prior to this study, the simultaneous identification of the coefficients a(t) and b(t) in the problem (1)-(3) with the additional flux data (4) has been considered in [6] . In this paper, we consider the simultaneous reconstruction of the same time-dependent coefficients, as well as of a(t) and c(t), but from the heat moments (5) instead of the heat fluxes (4) . The uniqueness of solution of these inverse problems is stated in the next two subsections.
Inverse Problem 1
Assuming that c(t) = 0, the inverse problem 1 (IP1) requires the simultaneous determination of the time-dependent thermal conductivity a(t) > 0 and the convection (or advection) coefficient b(t), together with the temperature u(x, t) satisfying
subject to (2), (3) and (5).
The uniqueness of solution (a(t), b(t), u(x, t)) of this inverse problem was established in [13] and reads as follows.
, and f ∈ C(Ω T ). Suppose that the following condition is satisfied:
Then a solution (a(t),
, to the problem (2), (3), (5) and (6) is unique.
Remark 1.
Observe that by multiplying equation (6) by x k , k = 0, 1, integrating with respect to x from 0 to L, and taking into account condition (5), we obtain,
xf (x, t)dx. Taking t = 0 in these equations, using the compatibility conditions
the Dirichlet boundary conditions (3) and solving for a(0) and b(0), we obtain,
where
Inverse Problem 2
Assuming that b(t) = 0, the inverse problem 2 (IP2) requires the simultaneous determination of the time-dependent thermal conductivity a(t) > 0 and the absorption coefficient c(t), together with the temperature u(x, t) satisfying
subject to (2), (3) and (5). In bio-heat transfer, equation (9) is known as the Pennes bio-heat equation and c(t) represents the perfusion coefficient, [15] . In case where the thermal conductivity coefficient a(t) is known, and taken to be unity, the inverse problem (2), (3), (9) with the the integral condition (5) for k = 0, for recovering the perfusion coefficient c(t) and the temperature u(x, t) was studied both theoretically and numerically in [2] and [15] , respectively. The uniqueness of solution (a(t), c(t), u(x, t)) of the IP2 was established in [8] and reads as follows.
, and f ∈ C(Ω T ). Suppose that the following condition is satisfied: (3), (5) and (9) is unique.
Remark 2.
Observe that by multiplying equation (8) by x k , k = 0, 1, integrating with respect to x from 0 to L, and taking into account condition (5), we obtain, [8] ,
As before in Remark 1, taking t = 0 in these equations and solving for a(0) and c(0), we obtain,
Numerical solution of direct problem
In this section, we consider the direct initial boundary value problem given by equations (1)- (3). We use the finite-difference method (FDM) with the Crank-Nicholson scheme, [14] , which is unconditionally stable and second-order accurate in space and time. We denote u(
, where
Considering the general partial differential equation
the Crank-Nicolson method, [14] , discretises (12) , (2) and (3) as
For our problem, equation (1) can be discretised in the form of (12) as
At each time step t j+1 , for j = 0, (N − 1), using the Dirichlet boundary conditions (15), the above difference equation can be reformulated as a (M − 1) × (M − 1) system of linear equations of the form,
As an example, consider the direct problem (1)- (3) with T = L = 1,
and
The exact solution is given by
The numerical results for the interior temperature u(x, t) have been obtained in excellent agreement with the exact solution (21) and therefore they are not presented.
Apart from the interior temperature u(x, t), other outputs of interest are the heat fluxes in equation (4) and the heat moments in equation (5) over the time interval [0, T ], which analytically are given by
(25) Figure 1 shows that the exact and numerical solutions for the heat fluxes (4) and heat moments (5) are indistinguishable. The exact solutions are given in equations (22)- (25), whilst the numerical solutions have been calculated using the following O((∆x)
2 ) finitedifference approximation and trapezoidal rule formulas:
with the convention that x 0 0 = 1. Note that for j = 0 in (24) and (25), using (2) and (5), we obtain, The root means square errors (rmse) between the numerical and exact solutions for heat fluxes and heat moments (4) and (5) are shown in Table 1 . These have been calculated using the formulas
From Table 1 it can be seen that the (rmse) (30) and (31) decrease, as M = N increase. They also confirm that the error is of O((∆x) 2 ). 4 Numerical approach to solve the inverse problem
In the inverse problems, we assume that the coefficients a(t), b(t) or c(t) are unknown. Usually, the nonlinear inverse problem can be formulated as a nonlinear least-squares minimization. The regularized objective function which is minimized is given by
or
where u solves (2), (3) and (6) or (9) for given (a, b) or (a, c), respectively, β 1 , β 2 ≥ 0 are regularization parameters and the norm is usually the L 2 [0, T ]-norm. The discretizations of (32) and (33) are:
The case β 1 = β 2 = 0 yields the ordinary nonlinear least-squares method which is usually unstable. The minimization of F subject to the physical constraints a > 0 is accomplished using the MATLAB toolbox routine lsqnonlin, [12] . This routine finds the minimum of the sum of squares of functions starting from an initial guess and is based on the Trust-Region-Reflection algorithm, [3] .
We take the parameters of the routine as follows:
• Number of variables M = N = 40.
• xTolerance (xTol) = 10 −30 .
• Function Tolerance (FunTol) = 10 −30 .
• Initial guess (
. The values of a(0), b(0) and c(0) are calculated from equations (8) and (11) .
• The lower and upper simple bounds are 10 −10 and 10 3 for a, and −10 3 and 10 3 for b and c.
Numerical results and discussion
In this section, we discuss a few test examples to illustrate the accuracy and stability of the numerical solutions. We take T = L = 1. We investigate the cases when the coefficients a(t), b(t) or c(t) are smooth and non-smooth. In addition, we add noise to the measured heat moments input data (5) as
where ǫ j k are random variable generated from a Gaussian normal distribution with mean zero and standard deviations σ k , given by
where p represents the percentage of noise. We use the MATLAB function normrnd to generate the random variables as
The root mean square error (rmse) to analyse the error between the exact and estimated coefficients, is defined as,
and similar expressions exist for b(t) and c(t).
Example 1 (for IP1)
Consider the IP1 given by equations (2), (3), (5) and (6) with unknown coefficients a(t), b(t) and solve this inverse problem with the input data (19), (24) and (25). The graph of the function U 1 (t) given by equation (7) is shown in Figure 2 . From this figure it can be seen that this function never vanishes over the time interval t ∈ [0, 1] and hence condition (7) is satisfied. Consequently, according to Theorem 1, a solution to the IP1 given by equations (2), (3), (5) and (6) with data (19), (24) and (25) is unique. In fact, it can easily be verified by direct substitution that the solution (a(t), b(t), u(x, t)) is given by equations (20) and (21). Note also that the direct problem (1)-(3) associated to this example has been previously solved numerically using the FDM in Section 3. First, we consider that there is no noise in the input data (5). The unregularized objective function (34), i.e. with β 1 = β 2 = 0, as a function of the number of iterations, is shown in Figure 3 . From this figure it can be seen that it decreases rapidly to a very low value of O(10 −28 ) in 20 iterations. The numerical results for the corresponding coefficients a(t) and b(t) are presented in Figure 4 . From this figure it can be seen that the retrieved coefficients are in very good agreement with the exact solution (20).
Next, we add p = 1% noise to the heat moments H 0 (t) and H 1 (t), as given by equation (36). Taking first β 1 = β 2 , the L-curve, [5] , for the choice of the regularization parameter is shown in Figure 5 , where the
From this figure it can be seen that the three regularization parameters near the "corner" of the L-curve are β 1 = β 2 ∈ {10 −4 , 10 −3 , 10 −2 }. Second, allowing for independent values of β 1 and β 2 we obtain the numerical results summarised in Table 2 . In this table, we have highlighted some representative choices for β 1 and β 2 with the corresponding numerical solutions for a and b plotted in Figure 6 and the absolute errors between numerical and exact solutions for u plotted in Figure 7 .
We note that for the choice of the two-parameter family of regularization parameters (β 1 , β 2 ) we have initially tried to apply the heuristic L-surface method, [1] , but without success. Next, we investigate the application of the discrepancy domain principle, [4] , which selects the regularization parameters (β 1 , β 2 ) belonging to the domain
for some constant τ > 1 independent on β 1 , β 2 and ε, where
represents the total amount of noise which is input in (36). For p = 1%, from (42) we report ε(1%) = 0.2459. By inspecting Table 2 and invoking criterion (41) one can discard choices with β 1 ≤ 10 −3 as producing unstable solutions. Also, one can observe that the choices β 1 = 10 −2 , β 2 = 10 −3 and β 1 = 10 −2 , β 2 = 10 −2 satisfy criterion (41) for some τ > 1, but the choice β 1 = 10 −3 , β 2 = 10 −4 does not. This is consistent with the numerical results presented in Figure 6 where the numerical solution obtained with the under-regularization parameters β 1 = 10 −3 , β 2 = 10 −4 is rather unstable, whilst the choice β 1 = 10 −2 , β 2 = 10 −3 seems optimal. From the above discussion and related solution [1, 4, 10] one can realise that the choice of multiple regularization parameters is a difficult and open topic and more research needs to be undertaken in the future. In what follows, in Examples 2-4, for simplicity, we present results obtained with some trial-and-error typical values of β 1 and β 2 which ensure that stable solutions are obtained. As for Example 1, the graph of the function U 1 (t) given by equation (7) is shown in Figure 2 and it can be seen that this function never vanishes over the time interval t ∈ [0, 1]. Hence, condition (7) is satisfied and consequently, according to Theorem 1, a solution to the IP1 given by equations (2), (3), (5) and (6) with the input data (43) is unique. In fact, the exact solution to the inverse problem is given by
and u(x, t) is given by (21). Considering no noise and no regularization the objective function (34) plotted in Figure 3 shows a rapid decrease to a low value of O(10 −29 ) in 20 iterations. However, this convergence is slower than in Example 1 for the first 15 iterations. This is to be expected because the coefficients (20) for Example 1 are smoother than the coefficients (44) for Example 2. In Figure 8 , we obtain a stable and accurate recovery of a(t) but less stable for b(t).
When p = 0.01% noise is included in the heat moments data (36), regularization is even more needed in order to achieve a stable and accurate solution. Table 3 shows the rmse(a) and rmse(b) for some values of the regularization parameters β 1 and β 2 . Figure 9 shows the plots of the recovered coefficients a(t) and b(t). From both Table 3 and Figure 9 it can be seen that the retrieval of the thermal conductivity coefficient a(t) is more stable and accurate than that of the convective coefficient b(t).
Finally, we mention that a comparison between Figures 8 and 9 , and Figures 22 and 24 of [6] , respectively, shows that the IP1 based on measuring the heat moments (5) is less stable than when measuring the heat fluxes (4). This is to be expected since supplying the bounded normal derivatives (4) contains stronger information than prescribing the integral average heat moments (5) .
In the next two examples we consider solving the IP2 formulated in subsection 2.2. 
Example 3 (for IP2)
In this example, we consider the IP2 given by equations (2), (3), (5) and (9) with unknown coefficients a(t) and c(t) and solve this inverse problem with the following input data:
The graph of the function U 2 (t) given by equation (10) is shown in Figure 10 and it can be seen that this function never vanishes over the time interval t ∈ [0, 1]. Hence, condition (10) is satisfied and consequently, according to Theorem 2, a solution to the IP2 given by equations (2), (3), (5) and (9) with input data (45) is unique. In fact, this solution is given by a(t) = 1 + t, c(t) = 1 + t,
First, we consider the case that there is no noise in the input data (5) . The convergence of the objective function (35) that is minimized with and without regularization is shown in Figure 11 and the corresponding numerical reconstructions of the coefficients a(t) and c(t) are shown in Figure 12 . We also obtain the rmse values of rmse(a) ∈ {0.0775, 0.1195} and rmse(c) ∈ {0.1007, 0.1522} with regularization β 1 = 10 −7 , β 2 = 10 −9 and without regularization β 1 = β 2 = 0, respectively. Unlike the Example 1 for IP1, where no regularization was needed for exact data, in this Example 3 for IP2 the numerical results shown in Figure 12 and the decrease in the rmse values reported above show that including a little regularization in (35) improves the accuracy and stability of the solution. It also shows that the IP2 is more ill-posed than the IP1.
To show this ill-posedness more dearly next we perturb the input data (5) by p = 0.01% noise as in equation (36). Figures 13 and 14 for this noisy data are the analogous of Figures 11 and 12 for exact data. We also report the values of rmse(a) ∈ {0.0719, 0.2489} and rmse(c) ∈ {0.1025, 0.3709} with regularization β 1 = β 2 = 10 −7 and without regularization β 1 = β 2 = 0, respectively. From these figures and rmse values one can observe that the IP2 is ill-posed and regularization should be included in order to obtain a stable solution. The results also show that the IP2 is more ill-posed in the absorption coefficient c(t) than in the diffusion coefficient a(t). 
Example 4 (for IP2)
In this example, we consider the IP2 given by equations (2), (3), (5) and (9) with unknown coefficients a(t) and c(t) and we solve this inverse problem with the following input data:
with regurarization β 1 = β 2 = 10 −7 and without regularization β 1 = β 2 = 0, respectively. Similar conclusions to those obtained for Example 3 are also obtained for Example 4. 
Conclusions
This paper has presented a simultaneous determination of time-dependent thermal conductivity and convection, or absorption coefficients from the measurements of the heat moments in the one-dimensional parabolic heat equation. The resulting inverse problems have been reformulated as constrained regularized minimization problems which have been solved using the MATLAB optimization toolbox routine lsqnonlin. The following conclusions can be made:
• the numerical results are shown to be stable and accurate • the IP2 seems more ill-posed that the IP1 • the retrieval of the diffusivity a(t) is more stable and accurate than the retrieval of the lower-order coefficients b(t) or c(t)
• the measurement of the heat moments (5) formulates a less stable inverse problem than the measurement of the heat fluxes (4) .
The determination of three or more unknown coefficients in equation (1) will be investigated in a future work.
